Abstract The cause of negative or reduced outflow formation at the beginning of a Muskingum solution is examined in two steps. The first step involves a physical interpretation of the Muskingum weighted discharge and the storage equation, using theory based on an extension of the Kalinin-Milyukov method. The second step involves the derivation of an analytical solution for the weighted discharge based on linear systems analysis theory, and then subsequently the Muskingum solution from that analytical solution using the assumption of linear variation of discharge within the reach. It is proved that this assumption causes the formation of negative or reduced outflow at the beginning of a Muskingum solution.
INTRODUCTION
Since its development over 50 years ago by McCarthy (1939) , the Muskingum method of flood routing has been extensively used in river engineering practice. The developments by Dooge & Harley (1967) , Cunge (1969) and Dooge et al. (1982) in linking the parameters of the Muskingum method with channel and flow characteristics through the hydrodynamics of channel flow have enhanced the practical utility of the method.
In spite of its simplicity and wide applicability, the Muskingum method has the defect of producing unrealistic initial outflow, commonly referred in the literature as "negative flow" or "reduced flow" or "dip", at the beginning of the routed hydrograph. The presence of such a defect has been explicitly brought out by Venetis (1969) and Dooge (1973) .
Open for discussion until 1 February 1993
The problem of negative or reduced initial outflow exists whether one is dealing with the solution of the conventional Muskingum method as proposed by McCarthy (1939) or with those solutions of the physically based approaches to the Muskingum method proposed by Dooge & Harley (1967) , Cunge (1969) and Dooge et al. (1982) . Many remedial measures based on numerical considerations have been suggested to eliminate this defect (US Army Corps of Engineers, 1960; Weinmann & Laurenson, 1979; Ponce & Theurer, 1982; Chang et al., 1983) . However, as pointed out by Kundzewicz (1980) , the problem is not really solved, but is merely skipped.
The protagonists of the Muskingum method argue in its favour by pointing to the fact that the method is simple, is useful in the field, and the formation of negative or reduced initial outflow is unavoidable from mathematical considerations (Nash, 1959; Singh & McCann, 1980; Strupczewski & Kundzewicz, 1980; Kundzewicz, 1986) . On the other hand, the antagonists of the method argue that since unrealistic initial outflow is produced, the method should be amended suitably (Gill, 1980 (Gill, , 1984 (Gill, and 1989 or rejected (Meehan, 1979; Meehan & Wiggins, 1979) . However, neither of those groups have attempted to find the cause of negative outflow formation. It is the purpose of this paper to identify that cause. The flaw in Gill's treatment has been recently discussed by Dooge et al. (1992) .
The cause of negative or reduced initial outflow formation in the Muskingum solution will be examined in two steps. The first step involves a physical interpretation of the Muskingum weighted discharge and the storage equation using theory based on an extension of the well-known KalininMilyukov approach. The second step involves the derivation of an analytical solution for the weighted discharge based on linear systems analysis theory and then subsequently the Muskingum solution from that analytical solution using the assumption of linear variation of discharge within the reach. It is proved that this assumption causes the formation of negative or reduced outflow at the beginning of a Muskingum solution.
PHYSICALLY BASED MUSKINGUM METHOD
The satisfactory performance of the Muskingum method for many routing studies implies that the storage equation is a substitute for the momentum equation and therefore the parameters of the method can be related to channel and flow characteristics. This thinking resulted in the development of various methods for the physical interpretation of the Muskingum method. They have been well documented in the literature, and Kundzewicz (1986) grouped them under the following classes of methods: (a) direct interpretation (Strupczewski & Kundzewicz, 1980) ; (b) matching the impulse response of the Muskingum method with that of the linearized St Venant equation using the method of moments approach (Dooge, 1973) ; and (c) matching difference schemes (Cunge, 1969; Dooge et al., 1982) .
However, the method based on an extension of the Kalinin-Milyukov approach for the interpretation of the Muskingum method is not so well documented. That extension was first presented by Apollov, Kalinin and Komarov in Russian in 1960 and subsequently in English in 1964 (Apollov et al., 1964 . Unfortunately, not many investigators of the Muskingum method seem to have been aware of the technique, yet only this method enables one to establish the reason behind the formation of negative or reduced outflow at the beginning of Muskingum method. Therefore, a detailed description of the extended Kalinin-Milyukov approach is pertinent herein for the proper understanding of the physical interpretation of the Muskingum storage equation. A brief description of the concept behind the Kalinin-Milyukov method (Miller & Cunge, 1975) is presented below for the sake of a better understanding of its extension to the Muskingum method.
KALININ-MILYUKOV METHOD
The Kalinin-Milyukov method sub-divides a channel reach under consideration into a number of so called "characteristic reaches" relating the storage within each characteristic reach linearly to the respective outflow discharge. The method is developed based on the following assumptions (Apollov et al., 1964) : (a) the discharge for any given section at any instant is a function of the depth of flow and the slope of the water surface at that instant; (b) the looped rating curve for unsteady flow can be reduced to a singlevalued rating curve between the discharge at a given section at a given time and the depth of flow at that section after an interval At, and consequently to a single-valued relationship at a given time between the discharge at the given section and the depth of flow some distance upstream from the discharge section; (c) the steady flow regime in the channel corresponding to a discharge, Q, is replaced by an unsteady flow regime in such a way that the discharge at the outflow section of a characteristic reach does not change, i.e., d<2 = 0. (d) the new slope of the water surface under unsteady conditions is constant throughout a reach. By using assumptions (a), (b), (c) and (d), the distance, d, between the outflow section and the mid-section of a reach, whose depth of flow is uniquely related with the discharge at the outflow section, can be shown to be (Miller & Cunge, 1975) :
where Sj-is the friction slope and H is the depth of flow.
If the unsteady flow is considered as a small perturbation from a steady condition, then the expression given by equation (1) can be written as (Miller & Cunge, 1975) :
°dfl 0 where S 0 is the bed slope, QQ is the reference discharge and H Q is the depth of flow corresponding to QQ. The characteristic length of the Kalinin-Milyukov method is given as 2d.
Since the term dQIdH is derived from a single valued rating curve, it can be expressed as:
dff ' cL4 where B is the water surface width corresponding to the flow depth, H, at the given section and dQIdA represents the wave celerity, C.
Equation (2) may be re-written using equation (3) as:
where B 0 and C 0 are respectively the water surface width and wave celerity corresponding to QQ.
EXTENSION TO THE MUSKINGUM METHOD
In order to extend the Kalinin-Milyukov method to a Muskingum reach whose length is different from the characteristic length, an additional assumption beyond those used in the Kalinin-Milyukov method is required. It is assumed that the rate of variation of flow is linear with distance. Figure 1 depicts a schematic diagram of a reach of length Ax under consideration. For a channel of uniform prismatic shape, and for a linear variation of water stage with river length, the channel storage, S, at a given time is a function of the mean water depth, H, of the reach. For the conditions considered, that stage, H, is situated at the middle of the reach, and it is uniquely related to the discharge, Q d , which passes through the section situated at a distance, d, downstream from the mid-section. That location is denoted as section (3) in Fig. 1 . Consequently: 
or:
which corresponds to the weighted discharge of the Muskingum method with:
Note that when section (3) coincides with the outflow section, then d = Ax/2 and 8 = 0, in which case Ax represents the characteristic length of the KalininMilyukov method; when section (3) coincides with the mid-section of the reach then d = 0 and 6 = 0.5 which is the upper limit of the Muskingum weighting parameter. The upper limit of 6 = 0.5 has also been arrived at by various investigators (Cunge, 1969; Dooge, 1973; Dooge et al., 1982; Strupczewski & Kundzewicz, 1980) using their approaches for interpreting the Muskingum method. Inserting equation (9) and equation (8) in equation (6) yields:
Due to the assumption of linear variation of discharge with distance, equation (10) may be expressed as:
where K is the travel time of the flood wave through the reach Ax. Note that equation (11) is the storage equation of the Muskingum method, with [61 + (1 -6)Q] being the weighted discharge and 8 the weighting parameter. Considering a constant distance, d, between the mid-section and section (3) of the reach, the expression for d is given by equation (4) as derived in the Kalinin-Milyukov method. Therefore, for a given inflow hydrograph and for the considered reference discharge Q Q , the weighting parameter, 6, may be expressed by substituting in equation (9) the expression for d given by equation (4) giving:
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Using a matched diffusivity approach, Cunge (1969) arrived at the same expression for 6. It is also seen that the expression for 6 given by equation (12) compares well with the expression given by Dooge (1973) (12) and (13) arises because the approach used in arriving at equation (12) uses a form of diffusion analogy which neglects the local acceleration terms, whereas the approach by Dooge (1973) approximates these terms on the basis of a simpler kinematic wave solution. The properties of the different forms of diffusion analogy and their range of applicability have been discussed by Dooge & Napiorkowski (1987) . The travel time of the flood wave over the reach is estimated using the wave celerity, C 0 , as:
Cunge (1969), Dooge (1973) and Dooge et al. (1982) also arrived at the same expression for K.
ANALYTICAL SOLUTION OF THE MUSKINGUM METHOD
A novel approach for finding an analytical solution of the Muskingum method is developed which is consistent with its physical interpretation using the extension of the Kalinin-Milyukov method. This new approach enables one to identify the cause of reduced or negative initial outflow formation in the Muskingum method. The Muskingum method employs the lumped continuity equation:
with storage related to inflow and outflow as:
(11 bis)
It was shown in the previous section that equation (11) represents a linear relationship between the storage within the channel reach and the linearly interpolated discharge (weighted discharge) between inflow and outflow. Therefore, when 0 < 6 < 0.5 the weighted discharge of equation (11) actually occurs somewhere between the mid-section and outflow section of the reach. Multiplying both sides of equation (15) by (1 -6) results in a modified continuity equation: (11) and (16) then gives:
K(l-6) For a causal system with S = 0 (and consequently Q w = 0) at t = 0, the solution of equation (17) is:
where Q w (t) is the weighted discharge, Q w , at time t. Equation (18) represents the well-known linear reservoir response in the form of weighted discharge for the given input, I{t). For the case of unit impulse input, the weighted impulse response at l = 0 + may be deduced from equation (18) as:
Also from the weighted discharge consideration it may be expressed as:
where w(0 + ) is the unit impulse response at the outlet of the reach. Using equations (19) and (20), w(0 + ) may be found as:
(1-0) K(i-df For t > 0 + , ujf) may be deduced from equation (18) as:
It may also be expressed in the form of a weighted discharge as:
where u(t) is the impulse response at the outlet of the reach. Using equations (22) and (23), the impulse response at the outlet of the reach may be expressed as:
Therefore u{i), the impulse response of a Muskingum reach for t > 0 + , may be expressed by combining equations (21) and (24) as:
It may be inferred from equation (25) that the impulse response u(t) is the linear extrapolation of u w (f) which is estimated upstream of the outlet of the reach, but downstream of the mid-section of the reach. Note that this expression for the unit impulse response of the Muskingum reach is the same as that derived by Venetis (1969) who found it directly by solving equations (11) and (15). The general expression of the Muskingum solution for any form of input is given by the linear extrapolation of the weighted discharge solution expressed by equation (18) and may be expressed as:
CAUSE OF REDUCED OR NEGATIVE INITIAL FLOW
The cause of a reduced or negative initial response at the beginning of a Muskingum solution may be brought out using equation (18) and (26) as follows. For a given input and for a given set of parameters, 6 and K, the weighted discharge solution may be found using equation (17) as a linear reservoir response. Then the discharge at the outlet of the reach may be estimated explicitly by expressing the outflow in terms of the inflow and the weighted discharge as:
at) = -_£_/(*) + .
It may be seen from the above expression that Q(t) < 0 when 61(f) > QJf), and from equation (18) it may be inferred that QJf) > 0 for t > 0. The geometrical interpretation of such a situation depicting a linear variation of discharge along the reach is shown in Fig. 2 . It may be seen from Fig Further, it may be inferred from equation (27) that Q(f) > 0 when 07(f) < QJf). The physical meaning of this inequality is depicted in Fig. 4 and it can be seen that the slope 7(f)/Ax < QJf)l(Ax/2 -d).
Fig. 2 Discharge variation when BI(t) > QJt).
iw Q(t) = 0
Fig. 3 Discharge variation when 6I(t) = QJt).
It would be appropriate herein to demonstrate the above inference by applying some standard input function through the Muskingum reach. Table 1 shows the unit step response at the weighted outflow section which may be obtained using equation (18) as:
However, from the weighted discharge consideration it may also be expressed as:
where U(f) is the unit step response at the outlet of the Muskingum reach, and it may be estimated by equating equations (28) and (29) 
tf(l-0)_ Note that for t < 1.726, 61(f) > U w (f) and U(f) < 0 as interpreted in Fig. 2 .
Therefore, it may be inferred that the reduced or negative response at the beginning of a Muskingum solution is a consequence of the form of storage equation employed, and its physical interpretation has been brought to light by the extension of the Kalinin-Milyukov approach (Apollov et al., 1964) . The formation of negative or reduced outflow at the beginning of a Muskingum solutionis therefore justified from mathematical considerations. However, there is no matching between the physics of the problem and the mathematics which describes it at the beginning of routing. This defect can be ignored if it does not impair the practical utility of the overall results. 
CONCLUSIONS
Using the extension of the Kalinin-Milyukov approach as envisaged by Apollov et al. (1964) , it has been possible to interpret physically the Muskingum method and to identify the location of the section where the weighted discharge occurs. Based on that theory, it has been shown through a novel interpretation of the Muskingum solution that the formation of a reduced or negative response at the beginning of routing may be explained by a consideration of a linear variation of discharge along the reach and by a linear extrapolation of the weighted discharge which is first estimated at a section between the outlet and the mid-section of the reach.
